Abstract. Let M := (M 4 , ω) be a 4-dimensional rational ruled symplectic manifold and denote by w M its Gromov width. Let Embω(B 4 (c), M ) be the space of symplectic embeddings of the standard ball of radius r, B 4 (c) ⊂ R 4 (parametrized by its capacity c := πr 2 ), into (M, ω). By the work of Lalonde and Pinsonnault [13], we know that there exists a critical capacity c crit ∈ (0, w M ] such that, for all c ∈ (0, c crit ), the embedding space Embω(B 4 (c), M ) is homotopy equivalent to the space of symplectic frames SFr(M ). We also know that the homotopy type of Embω(B 4 (c), M ) changes when c reaches c crit and that it remains constant for all c ∈ [c crit , w M ). In this paper, we compute the rational homotopy type, the minimal model, and the cohomology with rational coefficients of Embω(B 4 (c), M ) in the remaining case c ∈ [c crit , w M ). In particular, we show that it does not have the homotopy type of a finite CW-complex. Some of the key points in the argument are the calculation of the rational homotopy type of the classifying space of the symplectomorphism group of the blow up of M , its comparison with the group corresponding to M , and the proof that the space of compatible integrable complex structures on the blow up is weakly contractible.
Introduction
We compute in this paper the rational homotopy type, the minimal model, and the cohomology with rational coefficients of the space of embedded symplectic balls of capacity c in any closed rational ruled 4-manifold. We consider only minimal ruled manifolds in the sense that they are not blow-ups of ruled manifolds. By the classification theorem for rational ruled 4-manifolds [12] , any such manifold is symplectomorphic, after rescalling, to either
• the topologically trivial S 2 -bundle over S 2 , M 0 µ = (S 2 × S 2 , ω 0 µ ), where ω 0 µ is the split symplectic form ω(µ) ⊕ ω(1) with area µ ≥ 1 for the first S 2 -factor, and with area 1 for the second factor; or • the topologically non-trivial S 2 -bundle over S 2 , M 1 µ = (S 2 ×S 2 , ω 1 µ ), diffeomorphic to CP 2 # CP 2 equipped with the standard Kähler form ω 1 µ where the symplectic area of the exceptional divisor is µ > 0 and the area of a projective line is µ + 1 (this implies that the area of the fiber is 1).
Note that the second bundle is, topologically, the only non-trivial S 2 -bundle over S 2 . Let B 4 (c) ⊂ R 4 be the closed standard ball of radius r and capacity c = πr 2 equipped with the restriction of the symplectic structure ω st = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 of R 4 . Let Emb We will therefore assume in this article that µ > 1. Denote by ℓ the "low integral part" of µ, i.e the largest integer strictly smaller than µ. Using an inflation argument, it was shown in Lalonde-Pinsonnault [13] Define the critical capacity c crit ∈ (0, 1] by setting c crit := µ − ℓ. In this paper, we will therefore restrict our attention to the remaining cases, namely to the values µ > 1 and c ≥ c crit in both the split and non-split bundles.
1.2. The general framework. Let M i µ be a normalized rational ruled 4-manifold with µ > 1 and consider c ∈ [c crit , 1). The main results of this paper are:
• Theorem 3.1 that gives the rational homotopy type of ℑEmb In order to obtain the previous results we need two fundamental calculations, namely:
• the computation of the rational homotopy type of BSymp( M i µ,c ), the classifying space of the symplectomorphism group of the blow-up of M i µ at a ball of capacity c (Theorem 2.5), as well as its rational cohomology (Theorem B.7), and
• the calculation of the structure of the space of compatible integrable complex structures on the blow-up of M i µ , and in particular the fact that this space is weakly contractible (Appendix A).
Here is a brief description of the approach to prove these results. McDuff showed in [14] that the space ℑEmb i ω (c, µ) is path-connected. By extension of Hamiltonian isotopies, one sees immediatly that the group of Hamiltonian diffeomorphisms of M i µ acts transitively on ℑEmb i ω (c, µ). Note that under the restriction µ > 1, the group of Hamiltonian diffeomorphisms is equal to the full group of symplectic diffeomorphisms. On the other hand, using J-holomorphic techniques, it was proved in [13] that the stabilizer of this action, i.e. the subgroup of symplectic diffeomorphisms of M Consequently, the homotopy-theoretic study of ℑEmb [4] , Anjos-Granja [5] , and Abreu-Granja-Kitchloo [2] .
Step 2. The computation of the homotopy type and cohomology algebra of Symp( M ; Q) were computed in [13] and [17] . In the present paper, we will carry these calculations further and describe the full homotopy type of these spaces as well as the rational cohomology ring structure by adapting the arguments of [2] .
Step 3. The most interesting step is understanding how Symp( M i µ,c ) sits inside Symp(M i µ ) so that we could compute the quotient. This step has been carried out in some special cases in [6, 13, 17] . In this article, we take a systematic approach to compute the rational homotopy type of the quotient. See Theorems B.8 and B.9 in this paper showing that, even with the most natural choice of generators, the way in which Symp( M Note that, in view of the fibration (1) above, and since the reparametrization group of the standard ball B 4 ⊂ R 4 retracts to U (2), the computations for ℑEmb i ω (c, µ) carry easily to Emb i ω (c, µ). We get, in this way, similar theorems for the parametrized space of embeddings.
1.3.
The duality between Emb(M 0 µ ) and Emb(M 1 µ ). We now explain the duality introduced in [17] that enables us to reduce the twisted case to the split one.
Denote by B 0 and F 0 in H 2 (M 0 , Z) the classes of the first and second factor respectively. Denote by F 1 the fiber of the fibration M 1 (= CP 2 # CP 2 ) → CP 1 and by B 1 the section of self-interection −1 of that fibration. Denote by 
When one considers this birational equivalence in the symplectic category, the uniqueness of symplectic blow-ups implies that the blow-up of M 0 µ at a ball of capacity 0 < c < µ is symplectomorphic to the blow of M 1 µ−c at a ball of capacity 1 − c. Conversely, the blow-up of M 1 µ with capacity 0 < c < 1 is symplectomorphic to the blow-up of M 0 µ+1−c with capacity 1 − c. In other words, we have a complete symplectic duality between the blow-up of "large" balls in M i and the blow-up of "small" balls in M 1−i . For this reason, we will state our results for both ruled surfaces M 0 and M 1 but we will often give the complete proof for the split case M 0 only, leaving to the reader its relatively easy adaptation (using the above equivalence) to the twisted case M 1 .
Plan of the paper.
Here is an overview of the content of the paper. In Section 2, we briefly recall the geometric facts that lead to the homotopy decomposition of the groups of symplectomorphisms. The actual computations for the groups Symp( M i µ,c ) are carried in the Appendices, following the method introduced in Abreu-Granja-Kitchloo [2] . In Section 3, we express rationally the space ℑEmb i ω (c, µ) as a fibration whose base and fiber are computed. In Section 5 we compute the minimal model of ℑEmb i ω (c, µ), showing in particular that the latter space does not retract to a finite CW-complex for µ > 1 and c ≥ c crit . Finally, in Section 7, we compute the cohomology of ℑEmb i ω (c, µ) with rational coefficients. Acknowledgements. The authors would like to thank Gustavo Granja for useful conversations, Octav Cornea for discussions on some aspects of the theory of minimal models, and V. Apostolov and A. Broer for conversations on complex algebraic geometry. But above all, the authors are grateful to the referee for reading the paper carefully and giving very pertinent suggestions, in particular for giving a way to correct the computation of the differential of h in the minimal model of ℑEmb ω (c, µ).
Homotopy decomposition of the symplectic groups
This section is devoted to the homotopy decomposition of the groups Symp(M i µ ) and Symp( M i µ,c ). For the convenience of the reader, we first briefly review the geometric arguments that lead to the description of these symplectomorphism groups (and of their classifying spaces) as iterated homotopy pushouts. The references for this are the papers [2, 3, 13, 15, 16, 17] and the two Appendices of the present paper in which we carry out the computations for the groups Symp( M i µ,c ).
To simplify the notations, we will write G [15] to prove the following fundamental results. In the following two theorems, ℓ is the largest integer strictly smaller than µ, i.e ℓ < µ ≤ ℓ + 1.
1 That duality also exists on ruled symplectic 4-manifolds over surfaces of any genus and was exploited in [11] to prove that the Non-Squeezing Theorem does not hold when the base of the trivial symplectic fibration Σg × S 2 is a real surface of genus greater than 0.
such that the preimage φ −1 [J] is naturally identified with the classiying space BK J of the stabilizer subgroup K J of J. In our case, this isotropy subgroup is the group of isometries of the almost Hermitian structure associated to the pair (ω i µ , J) and, hence, is a compact Lie group. Moreover, as we will explain below, the orbit category associated to the action of G 
where as usual ℓ is the largest integer strictly smaller than µ. The stratum J i µ,2k+i is made of those almost complex structures J for which the class B i − kF i can be represented by an embedded J-holomorphic 2-sphere. Note that this is indeed a partition: by positivity of intersection, a Jstructure cannot belong to more than one such stratum, and any J ∈ J i µ must belong to at least one stratum since the GW-invariant associated to the class B i does not vanish (use then the Gromov compactness theorem to conclude). Each stratum is a smooth co-oriented Fréchet submanifold of finite codimension: the stratum J Each stratum corresponds to a toric structure on M i µ , unique up to equivariant symplectomorphisms. In particular, J i µ,j contains a Hirzebruch complex structure J j , unique up to diffeomorphisms, coming from an identification of (M i µ , J j ) with the Hirzebruch surface F j := P(O(−j) ⊕ C) (hence our choice of indices). The stabilizer subgroup K(j) of J j is given, up to isomorphism, by:
µ is the union of all strata of index n ≥ j
In fact, using J-holomorphic gluing techniques, one can show that the partition is a genuine stratification: each J µ,j has a neighborhood N j ⊂ J µ which, once given the induced stratification, has the structure of a locally trivial fiber bundle whose typical fiber is a cone over a finite dimensional stratified space. Most importantly, the action of G i µ preserves each stratum and, although the action restricted to a stratum cannot be transitive (because, for instance, each stratum contains both integrable and non-integrable structures), the inclusion
of the symplectic orbit of J j in J 
and, by applying the Borel construction EG In principle, this can be done using J-holomorphic gluing techniques but, as explained in [16] , the computations quickly become intractable as µ increases. A solution to this problem, found by AbreuGranja-Kitchloo in [2] , is to look at the restriction of the action
µ of compatible integrable complex structures. As they explained, the point is that for Kähler 4-manifolds satisfying some analytical conditions, the action of the symplectomorphism group on the space of compatible integrable complex structures can be understood using complex deformation theory. In the special case of rational ruled surfaces M 2 See also [5] for a different, more algebraic, approach.
It follows that I
i µ is itself a stratified space, that the inclusion I i µ,j ֒→ J i µ,j is a homotopy equivalence, that the equivariant diffeomorphism type of a normal neighborhood of the j th stratum is the same in both stratifications, and that this neighborhood does not depend on the parameter µ as long as µ > (j − i)/2. These facts, together with the results of Appendix D in [2] , imply that the action of G , namely E, F − E, and B − E. For generic J, they are all represented by embedded J-holomorphic spheres. However, when µ > 1, the class B − E has strictly larger area than E and F − E and it follows that (1) the exceptional classes E and F − E are symplectically indecomposable and, given any J ∈ J 
This identifies T (j) with a maximal torus of K(j). (4) The inclusion of the symplectic orbit
As we explain in Appendix A, the action of the symplectomorphism group on J 
where m is the index of the last stratum of J 0 µ,c , and where
is the group associated with a stratification having one stratum less than the stratification associated with G 
Homotopy type of the space of embedded symplectic balls
In this section we describe the rational homotopy type of the space
as the total space of a fibration whose base and fiber are explicitely computed. We will prove the following theorem: Theorem 3.1. If c ≥ c crit , the topological space ℑEmb i ω (c, µ) has the rational homotopy type of the total space of a fibration To prove the theorem 3.1, it is convenient to consider the untwisted case and the twisted case separately.
3.1. The untwisted case. Let FDiff be the group of fiber preserving diffeomorphisms of S 2 × S 2 , and FDiff * ⊂ FDiff be the stabilizer of a point. Since FDiff acts transitively on
, there is a homotopy commuting diagram of fibrations
in which the spaces in the leftmost column are defined as the homotopy fibers of the horizontal maps. Over the rationals, this diagram simplifies enough to allow explicit computations. For instance, the topological group FDiff is homotopy equivalent to the semi-direct product SO(3) ⋉ Map(S 2 , SO(3)) where SO(3) acts on Map(S 2 , SO (3)) by precomposition. In fact, the principal fibrations
and
both admit sections so that, as a space, FDiff ≃ Ω 2 SO(3) × SO(3) × SO(3). At the classifying space level, we have fibrations with natural sections
Because the rational cohomologies of BSO(3) and ΩSO(3) are concentrated in even degrees, the corresponding rational spectral sequences collapse at the second stage, and since
it follows that there are rational homotopy equivalences
In fact, since ΩSO(3) ≃ Q BS 1 , there is a natural map
that, rationally, extends to a homotopy equivalence
Note that the same arguments as above show that the classifying space of the stabilizer subgroup FDiff * is rationally equivalent to
Proof. We know from Abreu-Granja-Kitchloo [2] that the rational cohomology ring of BG
where the generators are of even degrees |T | = 2, |X| = 4, and |Y | = 4, and where f is an homogeneous polynomial of degree 4ℓ + 2. The theory of minimal models (see, for instance, the discussions in the begining of sections §4 and §5) implies that, rationaly, the cohomology ring of the homotopy fiber of the map
) is isomorphic to an exterior algebra with a single generator of degree 4ℓ+1. Therefore, the homotopy fiber is rationaly equivalent to
Similarly, the description of the rational cohomology ring of B G The previous two lemmas implies that the diagram (5) is homotopy equivalent, over the rationals, to the following commutative diagram in which ℑEmb
µ,c appears, as desired, as the total space of a fibration whose base and fiber are known:
Notice that F 0 is the fiber of the map j from S 4ℓ−1 to S 4ℓ+1 . Any map between such spheres is null homotopic, so F 0 = S 4ℓ−1 × ΩS 4ℓ+1 as topological spaces. This proves theorem 3.1 in the untwisted case.
3.1.1. The particular case 1 < µ ≤ 2. When 1 < µ ≤ 2, one can strengthen theorem 3.1 by computing the full homotopy type of the embedding space ℑEmb 
. Therefore, it is easy to see that there are maps ψ 0 and ψ 1 that make the following diagram commutative.
$ $  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I 
where ∆ is the diagonal map, π is the inclusion of the first factor, i 0 and i 1 are the inclusions of the classifying spaces of the isotropy subgroups. Note that this diagram holds not only over the rationals but also over the integers. Similarly, if 0 < µ − 1 ≤ c < 1, then the homotopy orbit S 1 hT (1) is equivalent to BS 1 and we get the following commutative diagram that also holds over the integers.
The fibers of the maps BG
are given by Σ 2 SO(3) and S 3 , respectively. Using these fibrations, we can then construct a commutative diagram, as in (6) , that now gives the full homotopy type of the space of embedded balls. 
where the inclusion 
Over the rationals, this yields a commutative diagram that expresses the homotopy type of ℑEmb
as the total space of a fibration:
This concludes the proof of Theorem 3.1.
4. The minimal models of Symp(M i µ ) and of Symp( M i µ,c ) First recall that in order to be applicable to some given topological space, the theory of minimal models does not require that the space be simply connected. We simply need that the space has a nilpotent homotopy system, which means that π 1 is nilpotent and π n is a nilpotent π 1 -module for n > 1. Since the groups of symplectomorphisms Symp(M i µ ) and Symp( M i µ,c ) are H-spaces, it follows that they have a nilpotent homotopy system, because for a H-space, π 1 is abelian and is therefore nilpotent, and moreover π 1 acts trivially on all π n 's. On the other hand, ℑEmb i is simply connected since we know that the generators of
. Therefore the theory of minimal models is applicable to all spaces under consideration.
Recall that a model for a space X is a graded differential algebra that provides a complete rational homotopy invariant of the space. Its cohomology is the rational cohomology of the space. The model can be constructed from the rational homotopy groups of X. In this case, it is always minimal, which implies that there is no linear term in the differential of the model, i.e the first term is quadratic. When there are no higher order term (i.e all terms are quadratic), then Sullivan's duality can be expressed in the following way:
where the a, b denotes the a-coefficient in the expression of b, and where the brackets denote the Whitehead product. Finally, when X is an H-space, as it is the case of both Symp(M τ ℓ is the Fubini-Study form on CP ℓ normalized so that the area of the linear CP 1 's be equal to 1. Let F k be the corresponding Hirzebruch surface, i.e. the Kähler surface defined by
It is well-known that the restriction of the projection
to F k endows F k with the structure of a Kähler CP 1 -bundle over CP 1 that corresponds topologically to the trivial S 2 × S 2 bundle if k is even and to the non-trivial one
In this correspondence, the fibers, of area 1, are preserved and the section at infinity of this bundle
2 )F in the non-trivial case) where σ j is the section of self-intersection j. Therefore, the form (ν − k 2 )τ 1 + τ 2 gives area 1 to each CP 1 -fiber and area ν to the section of self-intersection 0 (i.e to B = σ 0 in the trivial case, and to (σ −1 + σ 1 )/2 in the odd case). However, our conventions for M i µ gives area µ to the zero section when i = 0 and gives area µ to the section σ −1 when i = 1. This means that ν must be identified with µ when k is even and with µ + In the case i = 0, the element t is the blow-up of t at the point ( [1, 0] , [0, 0, 1]) ∈ F 2 , kept fixed under the action of t, identified with the center ι c (0) ∈ S 2 × S 2 of the standard ball B c . In the untwisted case the element x is the 3-dimensional sphere generating π 3 (SO(3)) where SO(3) is considered as acting on the first factor in the obvious way, the element y corresponds to the case when SO(3) acts on the second factor; the elements x, y are the blow-up of the S 1 part of that action that leaves the point ι c (0) ∈ S 2 × S 2 invariant. In the twisted case x and y are 3-spheres that generate the U (2)-Kähler actions on F k when k is odd. Finally, both w and w are symplectic elements that do not correspond to Kählerian actions (i.e a symplectic action preserving an integrable complex structure compatible with the symplectic form). In the split case, recall that ℓ is the largest integer strictly smaller than µ: if ℓ = 1 the generator w is the Samelson product of t and x, while w is the Samelson product of t and x; and if ℓ = 2, then both w and w are higher order Samelson products. More precisely, as explained in [3, Section 6] if ℓ = 2 one can find commuting representatives of t and x, so the Samelson product [t, x] vanishes. Hence there is a 5-disk that bounds [t, x] , and the new 8-dimensional generator w is a second order Samelson product made from this new disk and x. In general, if ℓ < µ ≤ ℓ + 1, the Samelson product [t, x, . . . , x] of order ℓ − 1 vanishes, so w, in degree 4ℓ, is a higher order product made from a (4ℓ − 3)-disk and x. For the generator w in the blow-up manifold, there is a similar description, that is, if ℓ < µ ≤ ℓ + 1 and c ≥ µ − ℓ, the Samelson product [ t, x, . . . , x] of order 2ℓ − 2 vanishes, so the generator w in degree 4ℓ − 2 is a higher product made from a (4ℓ − 3)-disk and x. Notice that the dimension of w jumps by two every time µ passes an integer or c passes the critical value c crit = µ − ℓ.
There is a corresponding description for the twisted case, however, instead of considering the Samelson product of t and x one should consider the product of the generators x and y and their higher order Samelson products.
The minimal model of
with generators in degrees 2, 2, 3, 3, 4ℓ + 2i − 1, 4ℓ + 2i and with differential Proof. Any fibration V ֒→ P → U for which the theory of minimal models applies (i.e. each space has a nilpotent homotopy system and the π 1 of the base acts trivially on the higher homotopy groups of the fiber) gives rise to a sequence
where the differential algebra in the middle is a model for the total space. Let d |U , d |V represent the restriction of the differential d to U and V respectively. The theory of minimal models implies that
we whish to find the model for ℑEmb i ω (c, µ). We will treat the case i = 0 in complete detail. The case i = 1 is completely analogous to this one. To avoid unnecessary repetitions, in the latter case we will just state the relevant propositions, leaving the proofs as exercises to the interested reader. Since the rest of the section is mainly devoted to the case i = 0, we will assume throughout that i = 0, unless noted otherwise, and omit the superscript 0 to simplify notation. The algebra of the minimal model of ℑEmb ω (c, µ) for c ≥ c crit follows from the computation, in Pinsonnault [17] , of its rational homotopy groups:
, and π n = 0 for all other n.
Therefore the algebra is Λ(a, b, e, f, g, h) where deg a = deg b = 2, deg e = deg f = 3, deg g = 4ℓ − 1 and deg h = 4ℓ. Thus we get the following fibration
So in order to find the differential d U for Λ(a, b, e, f, g, h) it is sufficient to compute the differential d for the model Λ(a, b, e, f, g, h) ⊗ Λ( t, x, y, w). We need to compare this model with the minimal model Λ(t, x, y, w) of Symp(M If the total space of the fibration Symp( M µ,c ) → Symp(M µ ) → ℑEmb ω (c, µ) were contractible, computing such products would boil down to computing the Samelson product of corresponding elements of the fiber. But our total space is not contractible, and we have to take also into account an horizontal part in the Whitehead product.
Let us briefly describe the generators of Λ(U ), i.e. the generators of the rational homotopy groups of ℑEmb ω (c, µ). The group Symp(M µ ) acts on ℑEmb ω (c, µ) by φ · A = image (φ| A ) with stabilizer equal to Symp(M µ , B c ), the subgroup of symplectic diffeomorphisms which preserve (not necessarily pointwise) B c , the image of the standard embedding of the ball of capacity c of R 2n in M µ . This leads to the following homotopy fibration:
The elements e, f and h are the images by the action of Symp(M µ ) on ℑEmb ω (µ, c) of the elements x, y and w of π * (Symp(M µ )) ⊗ Q. The elements a, b are uniquely defined as those spheres in the base of that fibration whose lifts to the total space Symp(M µ ) are discs with boundary on the fiber equal to x and y respectively. These lifts are unique because π 2 (Symp(M µ )) ⊗ Q vanishes. The element g is defined in the following way. When ℓ > 1 it is uniquely defined as the sphere in the base of that fibration whose lift to the total space is a disc with boundary on the fiber equal to w. Such a lift is unique since π 4ℓ−1 (Symp(M µ )) ⊗ Q vanishes in this case. However, if ℓ = 1, the lift of g to the total space is a class in π 3 (Symp(M µ ), Symp( M µ,c )) ⊗ Q (= π 3 (ℑEmb ω (c, µ)) ⊗ Q) which is not uniquely defined. To make it unique, we define it by first taking the 2-disc D e x ⊂ SO(3) = x ⊂ Symp(M µ ) whose boundary is equal to 2 x, and then taking the commutator of t and D e
x . This yields a 3-disc D lying inside [t, x] S = w, whose boundary is the Samelson product 2[ Recall that Sullivan's duality implies:
Therefore, the last lemma implies that:
It remains to compute dh. 
is well defined. Its boundary is the higher order Samelson product 2[t, x, . . . , x] = 2 w. So 2g is the projection on the base of this disc. Since D e x ⊂ D e w it follows again that a ⊂ g and their Whitehead product must vanish because π 4ℓ (S 4ℓ−1 ) ⊗ Q = 0. We will show that H 4ℓ (ℑEmb ω (c, µ); Q) = H 4ℓ (G µ / G µ,c ; Q) is zero-dimensional if ℓ ≥ 2 and one-dimensional if ℓ = 1, by an argument that uses the Eilenberg-Moore spectral sequence 3 applied to the fibration G µ / G µ,c → B G µ,c → BG µ . This spectral sequence, which is a second quadrant spectral sequence, converges to H * (G µ / G µ,c ; Q). Its E 2 -term is given by
3 It is obvious that dh either vanishes or is equal to a non-zero multiple of bg. Unfortunately, one can prove that the Leray spectral sequence cannot distinguish between these two cases. We thank the referee for pointing out that the Eilengerg-Moore sequence does.
We follow Paul Baum's paper [7, Section 2] to calculate these Tor groups. Let Λ be a graded Qalgebra and, M and N be Λ-modules. Then Tor Λ (M, N ) is the bigraded Q-module obtained as follows. Consider a projective resolution R of M over Λ given by
In our example we have Λ = H * (BG µ ; Q), M = Q and N = H * (B G µ,c ; Q). The cohomology ring of BG µ was computed by Abreu, Granja and Kitchloo in [2] ; it is given by 
The map B G µ,c → BG µ induces a map in cohomology.
Theorem 5.6 (See Theorem B.8). The map H
Under this map, the cohomology of BG µ can be identified with the subring
We need to construct a projective resolution for Q as a H * (BG µ )-module. We can achieve this with the augmentation of Λ, ε :
Therefore we may calculate these Tor groups using the following resolution (called the Koszul resolution)
with differentials given by
Here Λ(α, β, γ, δ) denotes the free (bi)graded algebra on elements α, β, γ and δ in bidegrees (−1, 2), (−1, 4), (−1, 4) and (−2, 4ℓ + 2) respectively. The above complex is a module over Q[z,
, graded in external degree zero, i.e. it lies in grading (0, * ). It follows that the Tor groups of interest are the cohomology of the complex
Here we use the identification of H * (BG µ ; Q) as a subring of H * (B G µ,c ; Q) and under this identification the differential of the complex above satisfies the equalities (11) and d(η ⊗ m) = dη ⊗ m with η ∈ Λ(α, β, γ, δ) and m ∈ Q[z, x, y]/ z(z −ℓ 2 x+ℓy)
. Any class in total degree 4ℓ, which is in negative external degree, may be written as x 4ℓ = c 1 δ + αβ h 1 (x, y, z) + αγ h 2 (x, y, z), where c 1 is a constant and h 1 and h 2 are linear combinations of classes of the type x nx y ny z nz where n x , n y , n z ∈ N such that n x + n y + n z = 2ℓ − 2 and therefore |x nx y ny z nz | = 4ℓ − 4. For it to be closed we need
which can happen only if c 1 = 0 and all the coefficients in the linear combinations h 1 , h 2 vanish. Hence the only closed classes are in external degree zero. Clearly, all the classes of the type z x nx y ny z nz , where n x , n y , n z ∈ N and n x + n y + n z = 2ℓ − 1, are in the image of the differential d because d(α x nx y ny z nz ) = z x nx y ny z nz . It remains to check that all the classes of the type x k y 2ℓ−k are also in the image of d where 0 ≤ k ≤ 2ℓ, except the class xy if ℓ = 1 (k = 1). Note that if k ≥ 2 then
If k = 1 and ℓ ≥ 2 then
This shows that there are no classes in Tor in total degree 4ℓ if ℓ > 1 and there is only one, generated by xy, if ℓ = 1.
Remark 5.7. There is a completely analogous story for the twisted case. The methods are exactly the same and they show that only the dimension of the generators g and h changes. In this case the cohomology ring of BG 1 µ was computed in [2] where the authors showed that
The diffeomorphism B G 
Moreover, the map i * :
Note that under this map, the relation in (12) is mapped to the product
which is a multiple of the relation in the cohomology ring of B G 
where restr is the restriction to the standard embedded ball B c ⊂ M µ , Symp U(2) (M µ , B c ) is the subgroup of Symp(M µ ) formed of diffeomorphisms that preserve the ball B c and act in a U (2) linear way on it, and Symp id,Bc (M µ ) is the subgroup of Symp(M µ ) formed of the elements that fix the ball B c pointwise. Recall that there is a natural homotopy equivalence between Symp U(2) (M µ , B c ) and Symp( M µ,c ), so the vertical fibration in the middle is equivalent to the fibration (2) of § 1, namely
We also have the commutative diagram:
where U F r(M ) is the space of unitary frames of M , j is the 1-jet map evaluated at the origin (followed by the Gram-Schmidt process assigning a unitary frame to each symplectic one), and where the last horizontal map assigns to each unparametrised ball its center (well-defined up to homotopy).
The minimal model for U (2) is Λ(u 0 , v 0 ) where deg(u 0 ) = 1 and deg(v 0 ) = 3. We first show that the elements e, f, g, h ∈ π * (ℑEmb ω (c, µ)) ⊗ Q lift to π * (Emb ω (c, µ) Proof. Consider the following commutative diagram of long exact sequences
Since π 4ℓ (M ) ⊗ Q vanishes, l * =4ℓ (h) = 0, and therefore ∂ * (h) = 0. Hence ρ * =4ℓ is an isomorphism between π 4ℓ (Emb ω (c, µ)) ⊗ Q and π 4ℓ (ℑEmb ω (c, µ)) ⊗ Q. Let's denote by h the lift of h. Since π 4ℓ−1 (U (2)) and π 4ℓ−2 (U (2)) vanish if ℓ = 1, it follows that the map ρ * =4ℓ−1 is an isomorphism between π 4ℓ−1 (Emb ω (c, µ)) ⊗ Q and π 4ℓ−1 (ℑEmb ω (c, µ)) ⊗ Q. Let g be the lift of g. In that case, that is, if ℓ = 1 and for k = 3, the short sequence
splits because π 4 (ℑEmb ω (c, µ)) ⊗ Q and π 2 (U (2)) vanish. Let's denote by v the image of v 0 and by e, f the lifts of e, f ; all are well defined. If ℓ = 1, for k = 3, the short sequence
still splits because, as we saw, h is mapped to 0, and π 2 (U (2)) vanishes. We still denote by v the image of v 0 and by e, f , g the lifts of e, f, g. In this case, all are well-defined except g which is defined up to a multiple of the element v. Consider now the sequence
The elements a, b are by definition such that they lift to discs
with boundary equal to the elements x, y ∈ π 1 (Symp( M µ,c )) ⊗ Q respectively. Therefore, their lifts to Emb ω (c, µ) ⊗ Q are the 2-discs Finally, the map ∂ * : π 2 (ℑEmb ω (c, µ))⊗Q → π 1 (U (2))⊗Q being onto, the space π 1 (Emb ω (c, µ))⊗ Q must vanish. 
Denoting by f
′ and v ′ the elements f − e and v − c 3 e respectively, the sets { e, f ′ , g, v ′ } and { e, f ′ , v ′ } form a basis of the 3-dimensional generators for the cases ℓ = 1 and ℓ > 1 respectively. These same methods apply also to the computation of the minimal model of Emb 1 ω (c, µ), that is, to the twisted case. So this proves the following:
with generators of degrees 2, 3, 3, 3, 4ℓ + 2i − 1, 4ℓ + 2i and with differential defined by 
where n ∈ N (see the computation of this cohomology ring in corollary 7.2).
Cohomology rings
It is easy to describe the cohomology ring of ℑEmb i ω (c, µ) with rational coefficients. A careful comparation between the Serre spectral sequence of the fibration 
that is,
where n ∈ N, b is a generator of H 2 (S 2 × S 2 ; Q), and g, h correspond to the generators of the cohomology ring H * S 4ℓ+2i−1 × ΩS 4ℓ+2i+1 ; Q where |g| = 4ℓ + 2i − 1 and |h| = 4ℓ + 2i.
Proof. We give the proof for the untwisted case. The case i = 1 is analogous to this one; we leave its proof to the reader. The rational cohomology ring of the fiber is given by
We showed in the proof of Lemma 5. ω (c, µ); Q) = 1 which implies that g is a permanent cycle and therefore d r g = 0 for all r ≥ 2. We can assume that d 2 h = bg. Then the generators bh n and gh n where n ∈ N survive to the E ∞ page of the spectral sequence. For all these generators, except for gh n when ℓ = 1 and n ∈ N, this follows simply for dimensional reasons since E p,q = 0 for all p ≥ 5 and q ≥ 0. When ℓ = 1 one knows from the computation of the minimal model of ℑEmb , µ) ; Q) = 1, and it is easy to verify that gh n , for each n, is the single element in dimension 4n + 3 that can survive to the E ∞ -page of the spectral sequence. This completes the proof.
A comparation of Theorem 6.2 and the Serre spectral sequence of the fibration (14) U ( Notice that the minimal model computation also shows that there is no element in degree 4 in the cohomology ring. Hence the element ab in the E 2 -page has to be in the image of d 2 or d 4 . The computation of the minimal model implies that we need to have two generators of degree 3 in the cohomology ring for all cases except when ℓ = 1 and i = 0 (in this latter case it has three generators). Hence v is a permanent cycle and we can choose d 2 u = a. Then one has d 2 ub = ab as desired and the element ua survives to the E ∞ page. The element ua correponds to the generator f . The element g survives to the E ∞ -page since it is the only candidate that could represent the generator in dimension 4ℓ+2i−1 that exists by the minimal model computation. It is not hard to see that the generators gh n also survive to the E ∞ page and they correspond to the generators g h n in the minimal model. Finally we see that the generators bh n cannot be in the image of d r with r ≥ 2, so they also survive to the E ∞ page. Moreover they correspond to the elements s n = h n−1 ( h d a,b +nq e g) in the minimal model, where n ∈ N, which clearly satisfy d 0 s n = 0. Remark 7.3. Notice that this cohomology ring is equivalent to the one given in Theorem 6.2. Indeed the difference between the two is that, here, we use the generators of the cohomology ring of ℑEmb i ω (c, µ) to describe the ring while, there, we used the generators of the minimal model. 7.1. The split case with 1 < µ ≤ 2. Recall from section 3.1.1 that if µ lies in this interval we have the following fibration
One can compute the cohomology ring of the space ℑEmb 0 ω (c, µ) with Z p coefficients and p prime, using this fibration. Let Γ Zp [x] denote the divided polynomial algebra on the generator x. This is, by definition, the Z p -algebra with basis x 0 = 1, x 1 , x 2 , . . . and multiplication given by
As one can check, there is an isomorphism
where |a| = |b| = 2, |g| = 3, |h| = 4 and τ Γ Zp [h], with τ = g or τ = b, stands for the infinitely generated algebra in which τ commutes with every element.
Proof. First notice that the fiber ΩΣ 2 SO(3)/ΩS 3 is equivalent to the space S 3 × ΩS 5 away from the prime 2. Therefore we get
where p = 2, |g| = 3 and |h| = 4. The same argument as the one in the proof of the Lemma 5.4, using the Eilenberg-Moore spectral sequence, shows that , µ) ; Z p ) is at least one dimensional. Then using again the Serre spectral sequence of the fibration (15) and an argument similar to the one used in corollary 7.1 we obtain the desired result.
Next, we will see that ℑEmb 0 has Z 2 -torsion and therefore the cohomology ring with these coefficients is not as simple to describe as the previous ones.
Corollary 7.5. When 0 < µ − 1 ≤ c < 1, the cohomology groups with Z 2 coefficients of the space ℑEmb
(as vector spaces). Moreover, as an algebra
as graded algebras, where A has an infinite number of generators, but it is not necessarily isomorphic as a graded algebra to H * (ΩΣ 2 SO(3)/ΩS 3 ; Z 2 ). This isomorphism completes the proof.
There is a similar picture for the cohomology ring of Emb 0 ω (c, µ) with Z p coefficients and p prime. Corollary 7.6. If 0 < µ − 1 ≤ c < 1 and p = 2 then
where τ Γ Zp [h], with τ = g or τ = b, stands for the infinitely generated algebra Using this corollary and the Serre spectral sequence of fibration 14, we get
where the algebra A ′ has an infinite number of generators. In their paper [2] , Abreu-Granja-Kitchloo prove that, under some cohomological conditions, I ω is a genuine Fréchet submanifold of J ω whose tangent bundle may be described using standard deformation theory, namely Recall that the natural stratifications of J (M i µ ) and J ( M i µ,c ) described in Section 2 are defined geometrically in terms of J-holomorphic curves in certain homology classes. The restriction of each stratum to integrable compatible complex structures can be understood as follows. Given a symplectic manifold (M, ω), let us denote by M(A, J ω ) the space of pairs (u, J) ∈ C ∞ (CP 1 , M )×J ω such that u : CP 1 → M is a somewhere injective J-holomorphic map whose image represents the homology class A. This space is always a smooth manifold whose image U A under the projection π : M(A, J ω ) → J ω is the set of all J such that A is represented by an irreducible J-holomorphic sphere. The next proposition gives conditions ensuring that the stratum U A is tranversal to I ω and that its normal bundle at J ∈ I ω may be described in terms of deformation theory. 
is an isomorphism. By theorems A.1 and A.3, it follows that the restriction of the stratification of J i µ to the integrable complex structures I i µ defines a stratification of I i µ , and that the strata in both stratifications have normal slices isomorphic to moduli spaces of infinitesimal deformations. Now, it is also well known that Hol(J k ) retracts on Iso(ω, J k ) = K k . Consequently, by theorem A.2, the symplectic orbit G i µ · J k is weakly homotopy equivalent to the intersection (Diff [ω] · J) ∩ I ω . Finally, because any two integrable complex structures belonging to the same stratum are in the same Teichmüller class (that is, there exists a φ ∈ Diff 0 sending one to the other), each stratum is weakly homotopy equivalent to a symplectic orbit: 
where as usual ℓ < µ ≤ ℓ + 1. As explained in [2] , the action of K k on the normal slice H
may be determined either directly (i.e. by looking at the action of K k onČech cocycles associated to an open cover) or by applying the Atiyah-Bott fixed points formula to compute the character of the virtual representation of K k on the equivariant elliptic complex In particular, the representation of
is independent of µ > k. Consequently, an easy induction argument over the number of strata shows that
A.3. Blow-ups of rational ruled surfaces. We now show that similar results hold in the case of the symplectic blow-ups M Proof. Given a pair J 0 , J 1 ∈ I i µ,c,k , the class E is represented by J i -holomorphic exceptional curves Σ i that are symplectically isotopic. So, we may assume that Σ 0 = Σ 1 . By blowing down (M, Σ, J i ), we get two complex structures on the same underlying marked 4-manifold (M, p, J i ). The unmarked complex surfaces are both isotopic to the Hirzebruch surface F k . Note that any such isotopy sends p to the zero section s 0 of F k . The statement follows from the fact that the identity component of the complex automorphism group of F k (which is isomorphic to the semi-direct product PSL(2; C) ⋉ (C * × H 0 (CP 1 ; O(k)) ) acts transitively on s 0 , see [8] . 
Proof. Consider the exact sequence of sheaves associated to the inclusion u :
Tensoring with T F m we get the short exact sequence
whose associated cohomology sequence is
The sheaf O(−C) ⊗ T F m being locally free, Serre duality implies that (1) Let T 4 ⊂ U(4) act in the standard way on C 4 . Given an integer n ≥ 0, the action of the subtorus T 2 n := (ns + t, t, s, s) is Hamiltonian with moment map 4 In the untwisted case, we assume µ > 1 so that the permutation of the two S 2 factors is not an isometry.
. The restrictions of these isomorphisms to the maximal tori are given in coordinates by
These identifications imply that the moment polygon associated to the maximal torus T (n) =
is the image of ∆(n) under the transformation C n ∈ GL(2, Z) given by 2k−1 at the fixed point (0, 0) with capacity 1 − c. Our choices imply that under the blow-down map, T (n) is sent to the maximal torus of K(n), for all n ≥ 0. Again, because Symp( M 0 µ,c ) is connected (see [13, 17] ), all choices involved in these identifications give the same maps up to homotopy. Note also that when c < c crit := µ − ℓ, M 0 µ,c admits exactly 2ℓ + 1 inequivalent toric structures T (0), . . . , T (2ℓ), while when c ≥ c crit , it admits only 2ℓ of those, namely T (0), . . . , T (2ℓ − 1). Note that the free variable n indexing these objects corresponds to the free variable j indexing the strata in § 2.4. (4) The cohomology ring of B T (n) is isomorphic to Q[x n , y n ] where |x n | = |y n | = 2. We identify the generators x n , y n with the cohomology classes induced by the circle actions whose moment maps are, respectively, the first and the second component of the moment map associated to T (n). Geometrically, y n is induced by the lift to M 0 µ,c of a rotation of the base of M 0 µ , while x n is induced by a rotation of the fibers. Note that since we work only with topological groups up to rational equivalences, we will also denote by {x n , y n } the generators in π 1 T (n) and in π 2 B T (n).
B.2. The isotropy representation of T (n).
Proposition B.1. The character of the representation of
Consequently, the equivariant Euler class of the representation is
In particular, e n ∈ H * (B T (n); A) is nonzero for any coefficient ring A.
Proof. Following [2] , we compute the character of the virtual representation of the group H(n) of holomorphic automorphisms of M 
So, in order to compute the ideal R µ,c , one has to understand the maps ψ * n : Q[x, y, z] → Q[x n , y n ] for all n ≥ 0. For that, it is enough to consider the relations in π 1 FDiff * between the generators of π 1 T (n). We first observe that when µ > 1, the maps T (n) → G O O from which we immediately get b 2k = ka 0 + b 0 for k ≥ 0. Setting k ′ = k + 1 in the second relation, we obtain the recursive formula a 2k = ka 2 + (k − 1)a 0 , for k ≥ 1. In the same way, one gets a recursive formula for the coefficients (a 2k−1 , b 2k−1 ), n ≥ 1, by setting k ′ = k + 1 in the forth relation. Then, one obtains explicit formulae for all coefficients, in terms of {a 0 , b 0 , a 2 } only, by using the remaining two relations. 
